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Abstract
The Thomson backscattering of an electron moving in combined fields is studied by a dynamically as-
sisted mechanism. The combined fields are composed of two co-propagating laser fields and a magnetic
field, where the first laser field is strong and low-frequency while the second is weak and high-frequency,
relatively. The dependence of fundamental frequency of emission on the ratio of incident laser high-to-low
frequency is presented and the spectrum of backscattering is obtained. It is found that, with a magnetic
field, the peak of the spectrum and the corresponding radiation frequency are significantly larger in case of
two-laser than that in case of only one laser. They are also improved obviously as the frequency of the weak
laser field. Another finding is the nonlinear correlation between the emission intensity of the backscattering
and the intensity of the weak laser field. These results provide a new possibility to adjust and control the
spectrum by changing the ratios of frequency and intensity of the two laser fields.
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I. INTRODUCTION
Thomson backscattering is widely used to create x- and γ-ray. During the past twenty years,
several studies about Thomson backscattering have revealed how the spectrum depend on the laser
field[1–3] and external magnetic field[4, 5].
At the beginning of this century, He et al present that the spectra of Thomson scattering does
not occur at integer multiples of the laser frequency and get a simple scaling law for the spectra
to the electron energy in a linearly polarized plane wave[6, 7]. Actually the perspective of the
laser-magnetic resonance acceleration [8–12] has shown that the relativistic cyclotron motion will
occur in transverse direction under an external magnetic field. There are a lot of advantages of
electron resonance acceleration in laser field assisted by the external magnetic field[13].
It is demonstrated that, in the plane of the electron cyclotron orbit, the electron will emit ra-
diation at high harmonics of the cyclotron frequency[14]. Furthermore, the cyclotron-resonance
condition is met when the cyclotron frequency approaches to the laser frequency, and the heli-
cally periodic motion of electrons would result in that the fundamental frequency of harmonic
emission is neither the laser frequency nor the cyclotron frequency for the backscattered Thomson
spectra[6].
Since the cyclotron-resonance motion in the combined laser and magnetic fields will affect
the frequency of emission. In our previous work, Thomson scattering in combined fields with a
circularly[15] or elliptically[16] polarized laser field and a strong magnetic field has been studied
in detail. The scale invariance and scaling law for the laser intensity and initial axial momentum are
found[15]. Another interesting finding is a new way to produce THz emission by using Thomson
backscattering[16].
In the past two years, strong nonlinear characteristics of Thomson scattering have been re-
ported. With nonlinearity, the shape of backscattering spectrum can be controlled by proper laser
chirping. The results allow prediction of spectral form and narrowing bandwidth together with
high efficiency[17, 18].
The case of Thomson scattering using two counter-propagating laser pulses has also been
reported[19]. It is found that the radiation power of electron’s Thomson scattering can be sig-
nificantly enhanced in comparison with that obtained by only using one of these two pulses, both
in the case of linear and circular polarization. Moreover, the Compton scattering using two dif-
ferent wavelength lasers has been considered[20]. It has been proposed that it can provide a new
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way for controlling scattered photon energy distributions. The electron trajectory and photon en-
ergy have been calculated under different ratios of the two lasers’ intensity. And the best ratio of
intensity can be found through comparison.
It is worthy saying a few words about that when the second laser field is introduced, the radia-
tion spectra exhibit very complicated phenomena and the radiation is enhanced greatly. The idea is
very similar to the dynamically assisted mechanism in the study of electron-position pair creation
[21–24] where a weak but rapidly varying field is added to the original strong but slowly varying
electric field. It leads to the strong nonlinear interference in particles momenta spectra and then
the enhanced pair production will be achieved. Interestingly this physical process and mechanism
seems to exist in many different research area such as high-harmonic generation, above-threshold
ionization and so on. Motivated by this mechanism, in this letter, we will reveal that the electronic
nonlinear dynamics is enlarged assisted by the second field addition in present research config-
urations of two laser fields plus magnetic field. And this strong nonlinear dynamically assisted
mechanism can not only cause the high oscillations but also enhance the intensity as well broaden
the range in the Thomson backscattering spectra.
For simplicity as well the convenient analytical treatment the laser field is assumed as plane-
wave form. The analytic results of momentum of the electron are got in this case. Our work
will focus on three aspects. First, the behavior of electron’s motion is examined and calculated.
And the influence of magnetic field is discussed. Second, the fundamental frequency of harmonic
radiation is calculated and its parameters dependence are obtained and discussed, which shows
some nonlinear phenomena. Third, the radiation spectrum in the combined fields is presented.
Our research shows that the dependence of the peak intensity and the corresponding frequency of
the radiation spectrum on the ratio of two lasers exhibits some complex phenomena. We believe
that these results not only provide a much deeper understanding of Thomson backscattering, but
also give a new method to control or/and adjust the spectrum by using a second laser field.
By the way there is also a deficiency of current method in this study, as in cases of Refs.[15,
16, 20], that the recoil of the electron which is caused by the emission of a single photon and the
radiation backreaction which occurs due to the energy loss during emission are neglected. This
ignorance is valid and reasonable, which is checked below in the section of numerical results.
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II. THEORETICAL FRAMEWORK
The formalism of Thomson scattering spectra can be derived in terms of equations of an elec-
tron (with mass m and charge −e) moving in combined laser and magnetic field. The magnetic
field B0 is parallel to the laser propagating direction (z direction). The phase of the laser field is
denoted as η = ω0t−k · r, where ω0 is the laser frequency, t is the time, k and r are the wave vector
and electron displacement vector, respectively.
We assume that the phase has an initial value ηin = −zin at t = 0. Similar to the techniques in
[15], we obtain the m-th spectrum of the harmonic radiation in unit of erg/s per unit solid angle for
backscattering as follows
d2Im
dΩdt
=
e2
4pi2c
1
ς2
(mω1)2(|Fmx|2 + |Fmy|2), (1)
where
Fmx,my = ω1
∫ ηin+T
ηin
dηpx,y(η) exp[imω1(η + 2z)], (2)
from which one can see why the electron’s transverse momenta px and py and longitudinal dis-
placement z are important here. The constant of motion is obtained as ς = γ − pz = γ0 − pz0,
where γ is the electron relativistic factor derived from electron velocity, pz is the z component
of the electron relativistic momentum and γ0, pz0 are the initial value of them. The fundamental
frequency ω1 in dimensionless form for backscattering reads now
ω1 =
2pi
T + 2z0
, (3)
where T is the period of electronic periodic motion and r0 = (0, 0, z0) is the drift distance.
The laser field is composed of two plane waves as A1 and A2. The ratio of the intensity is λ and
the ratio of the frequency is µ. Since the laser propagation and external magnetic field are along in
z direction, the combinational total vector potential of combined fields can be written as
A =A1 + A2 + A3
=
A0√
1 + α2
(− sin ηiˆ + α cos ηjˆ)
+
λA0√
1 + α2
(− sin µηiˆ + α cos µηjˆ)
+ B0xjˆ£ (4)
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where α stand for the ellipticity of the elliptically polarized plane wave. By the way it is noted
that because there is no scalar potential two gauges, Coulomb one or Lorentz one, are equivalent
to each other.
We normalize time by 1/ω0, velocity by c, distance by k−10 = c/ω0, and momentum by mc. We
obtain the equations for the momentum of the electron as following forms.
d2px
dη2
+ ωb
2px = (ωb + 1√1+α2 )a sin η + (ωb +
µ√
1+α2
)aµλ sin (µη), (5)
d2py
dη2
+ ωb
2py = −(ωb + 1√1+α2 )a cos η − (ωb +
µ√
1+α2
)aµλ cos (µη), (6)
where ωb = b/ς with a = eA1/mc2 and b = eB0/mω0c being the normalized vector potential and
magnetic field, respectively.
The transverse momentum of the electron are obtained and the longitudinal momentum can
also be obtained with the help of pz =
p2x+p
2
y+1−ς2
2ς . Furthermore, assuming that at t = 0 the electron
is static and located at x = 0, y = 0 and z = zin, so that η = ηin = −zin. Moreover the momentum
and longitudinal displacement of electron, z0, would be easily got from the trajectory equations of
the electron dr/dη = p/ς. These expressions are not presented here since the formula are lengthy
for a general elliptical case. We just point out a fact that px and py are linearly superimposed
while z is nonlinear, which will then lead to a great influence on the following study about the
backscattering.
From now on for the simple and convenience calculations and discussions, we just consider
circular case, i.e. ellipticity α = 1. In this case, the required momentum and displacement are
expressed as
px = na
{
sin η − sin [ωbη − (ωb − 1) ηin]} + la {sin µη − sin [ωbη − (ωb − µ) ηin]} , (7)
py = na
{
cos
[
ωbη − (ωb − 1) ηin] − cos η} + la {cos [ωbη − (ωb − µ) ηin] − cos µη} , (8)
z(η) =
(
na
ς
)2 {
(η − ηin) − 1
ωb − 1 sin
[
(ωb − 1) (η − ηin)]}
+
(
la
ς
)2 {
(η − ηin) − 1
ωb − µ sin
[
(ωb − µ) (η − ηin)]}
+
(
1 − ς2
2ς2
)
(η − ηin) . (9)
The trajectory equations of the electron can be obtained with the help of pz =
p2x+p
2
y+1−ς2
2ς and
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dr/dη = p/ς. Then the drift distance can be expressed as
z0 =
2npi
ς2
(
n2a2 + l2a2 +
1
2
− ς
2
2
)
, (10)
where n = 1
ωb−1 and l =
µλ
ωb−µ =
nλ
(n+1)/µ−n .
Substituting Eqs.(7−10) into Eqs. (1-3), we can calculate the backscattering spectra, on which
the following numerical results are based.
By the similar discussion about the period T = 2pin as in Refs.[15, 16], and keep in mind that
r0 = (0, 0, z0) in Eq.(3), then we have the fundamental frequency
ω1 =
ς2/n
1 + 2a2n2 + 2a2l2
=
ς2/n
1 + 2a2n2 + 2a2[ nλ(n+1)/µ−n ]
2
. (11)
Obviously this fundamental frequency depends on parameters a, n, pz0, λ, and µ.
In order to qualitatively analysis and semi-quantitatively analyze the typical features of the
Thomson backscatter spectrum, we can make an appropriate estimation to the emission intensity.
For simplicity we only consider the case of pz0 = 0, i.e., ς = 1. Now the analytical expression of
radiation spectrum is approximated as
d2Im
dtdΩ
≈ e
2
2pi2c
(mω1)2 (piω1nla)2 J20(zm), (12)
where zm = mω12n3a2 = 2mn
3a2
n+2n3a2+2nl2a2 is defined to simplify the formula of radiation spectrum. The
asymptotic form of Bessel functions, Jν(x) ∼
√
2
xpi cos(x− pi2ν− pi4 ) when x  |ν2 − 1/4|, obviously
it is met since zm ∼ m  1/4, makes us to simply Eq. (12) further as
d2Im
dtdΩ
≈ e
2
2pi2c
(mω1)2 (piω1nla)2 J20(zm) ≈
e2
4pi2c
y1y2, (13)
with
y1 =
mpiω31l
2
2n
, (14)
and
y2 = 1 + sin(2zm). (15)
Obviously y1 is a power function depending on parameters a, n, m, λ, and µ, and y2 is an oscillation
one.
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III. NUMERICAL RESULTS AND ANALYSIS
For the ignorance of the radiation backreaction [15], as mentioned in Introduction, the chosen
parameters need to satisfy n4a5 < 107 in the case of pz0 = 0 and p2z0n
4a5 < 106 in the case of
pz0 , 0. So in the following all chosen parameters are compelled to satisfy these requirements.
From Eq.(9) we see that the displacement of the election in z direction is nonlinear. It greatly
influences the backscattering radiation intensity in Eq.(2). While we have examined and calculated
the velocity, the acceleration and also the trajectory of electron, these results are not presented
with figure in this letter since the limited scope. However it should be pointed out that in strong
magnetic field, the axial motion in two lasers are much larger than that only linear addition of
them by A1 and A2. These results confirm that the axial focusing effect on spiral movement of
electrons is enhanced by larger magnetic field as well the strong nonlinear effect via relativistic
charged particle dynamics.
Since the fundamental frequency ω1 depends on parameters a, n, pz0, λ, and µ, we can briefly
discuss the relation between these parameters and the fundamental frequency. First from expres-
sion Eq.(11), it is expected the results that ω1 decreases as a, n, pz0, λ. In fact our numerical
calculations have confirmed these conclusions. However since the µ can lead to the resonance
case where µres = ωb = 1 + 1/n which make the l very large so that ω1 would be reduced drasti-
cally. This interesting nontrivial results are shown in Fig. 1. Indeed in the resonance case of second
laser frequency matching to the cyclotron frequency, the fundamental frequency is decreased dras-
tically, which is very favorite to THz regime.
Now let us turn to see the influence of two lasers on Thomson backscattering spectrum. In
Fig. 2, the backscattering spectrum (normalized by e2/4pi2c) in four cases are shown. For simplic-
ity the initial axial momentum pz0 = 0 is considered and a = 1, n = 5. Other parameters are:
(a)λ = 0; (b)λ = 0.2 and µ = 8; (c)λ = 0.2 and µ = 15; (d)λ = 0.5 and µ = 8. Obviously, Fig. 2(a)
is the spectrum corresponds to case of only A1. Compared to Fig. 2(a), the remaining three plotting
show that the frequency and intensity of the spectrum tend to increase in the case of A1 + A2, see
Figs. 2(b), (c) and (d).
By comparing Fig. 2 (c) with (b), one can see that the emission spectra moves to higher
frequency regime meanwhile the high-frequency emission intensity is enhanced and the low-
frequency emission is reduced as A2 field frequency increases. When the ratio of frequency of
two lasers µ turns from 8 into 15, less than two times, however, the values of the harmonic or-
7
FIG. 1: Fundamental frequency ω1 depends on µ for different magnetic field cases of weak n = 1.1 (red
solid-line), resonance-like n = 5 (yellow dotted-line) and strong n = 0.1 (blue dashed-line), respectively.
Other parameters are a = 1, λ = 0.2 and pz0 = 0.
FIG. 2: The backscattering spectrum (normalized by e2/4pi2c) for different laser cases of (a)λ = 0; (b)λ =
0.2, µ = 8; (c)λ = 0.2, µ = 15 and (d)λ = 0.5, µ = 8. The other parameters are a = 1, n = 5 and pz0 = 0.
ders m changes from 318 to 2964, and the frequency where the main-peak emission locates is
increased about ten times from ω/ω0 ∼ 1 to ∼ 12. On the other hand the main-peak intensity is
also increased about two times. It provides an alternative way to modulate and control the fre-
quency and intensity of backscattering spectra by adjusting the second weak laser field frequency
in addition to the first strong laser field.
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FIG. 3: The main-peak frequency of spectra (black-line with square-symbol) and the corresponding main-
peak intensity normalized by e2/4pi2c (blue-line with circle-symbol) vs two lasers frequency ratio, µ, for
different cases of (a)a = 1, n = 5; (b)a = 1, n = 10; (c)a = 2, n = 5 and (d)a = 3, n = 5. The other
parameters are λ = 0.2 and pz0 = 0.
Comparing Figs. 2 (d) with (b), when the intensity of A2 increases and other parameters are
fixed, it is not obvious that the spectra move to high frequency regime as well as the main-peak
frequency shift, while the main-peak intensity is increased about two times at the same order of
the A2 intensity enlargement.
It is worthy to note that, in our studied two-laser case, the main peak of the radiation spectra
no longer appears at the fundamental frequency like in one-laser case of Fig. 2 (a). With different
parameters, main peak will appear in low-frequency [(b)], high-frequency [(c)] or intermediate
[(d)] region of the radiation spectrum. It also implies that the addition of A2 to A1 will change the
shape of the spectrum nonlinearly.
The dependence of the main-peak frequency (black with square) in spectra and corresponding
emission intensity (blue with circle) on the ratio of two lasers’ frequency, µ, is shown in Fig. 3. The
parameters are chosen as pz0 = 0, λ = 0.2 and (a): a = 1, n = 5; (b): a = 1, n = 10; (c)a = 2, n = 5;
(d)a = 3, n = 5. It is found that the frequency at peak, ωpeak = mω1, and corresponding intensity
both tend to increase with µ. In addition, this increasing tendency is not a linear relation but with
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FIG. 4: The main-peak frequency of spectra (black-line with square-symbol) and the corresponding main-
peak intensity normalized by e2/4pi2c (blue-line with circle-symbol) vs two lasers intensity ratio, λ, for
different cases of first laser field intensity: (a)a = 1; (b)a = 2; (c)a = 3 and (d)a = 4. The other parameters
are n = 5, µ = 5 and pz0 = 0.
an oscillatory increasing behavior. Because the peak is probably in the low-frequency region or
the high-frequency region of the radiation spectrum rather than only fundamental frequency, as
mentioned above and observed in Fig 2. It reflects indeed the nonlinear effects of two lasers on
Thomson backscattering.
Similarly we can also see the dependence of the main-peak frequency (black with square) of
the spectra and corresponding emission intensity (blue with circle) on the ratio of two lasers’
intensity, λ, which are shown in Fig. 4. Now pz0 = 0, µ = 5 and n = 5 are fixed but the different
laser intensity of A1 are given as a = 1, 2, 3, 4 for (a)-(d), respectively. It is found that as the
intensity of A1 increases, obviously the dependence of the main-peak frequency on λ seems to
increase nevertheless also in an oscillation way. However, the corresponding peak intensity is
changing with λ either ascendant or descendant, which exhibits so high nonlinear characteristic
that there is no obvious global tendency.
Here we maybe have a simple but qualitative discussion on the above results. In fact as is shown
in Eqs. (13-15), y2 oscillates as µ or λ increases, so we pay attention to the value of y1. When µ
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increases, in particular in most cases of µ >> µres = 1 + 1/n, the parameter l and ω1 almost does
not change with µ, refer to Fig. 1. Therefore as ωpeak = mω1 increases as m, the radiation intensity
increases too but in oscillatory way. On the other hand, when λ increases, the three parameters
l, ω1 and m are all changed, which affect the y1 in a complex nonlinear way. So that the strong
nonlinear characteristics of the intensity are exhibited in Fig. 4 Although they do not show a strict
relation, we can adjust the backscattering spectra to what we need by adjusting the appropriate
intensity ratio of two lasers. For example, in the Fig. 4(b), by slightly increasing the intensity
of the A2 from 0.5 to 0.6, the backscattering spectrum increases by about two times in the peak
intensity, however, the corresponding peak frequency is shifted little.
IV. CONCLUSIONS AND DISCUSSIONS
In this Letter, we study the Thomson backscattering of an electron in combined two lasers
and constant magnetic fields with dynamically assisted mechanism. The emission fundamental
frequency and backscattering spectra are obtained and then analyzed. We have revealed the effects
of some factors on the Thomson backscattering.
In summary. The nonlinear effects of axial motion of the electron would result in nontrivial
behavior on Thomson backscatter spectra. When the second laser frequency matching to the cy-
clotron frequency, the decreased fundamental frequency is favorite to THz regime. Moreover by
changing the frequency or the intensity ratio of high-frequency to low-frequency lasers, the main-
peak frequency of the backscattering spectrum and the intensity of the peak intensity exhibits
strong nonlinear characteristics.
It should be pointed out that the dynamically assisted mechanism is studied extensively in the
research of pair production in strong background fields, however, it is the first time to be appli-
cable to the Thomson scattering study presented here. The enhanced spectra intensity, the high
nonlinear characteristics as well as the controllability of emitted spectral bandwidth are evident by
this mechanism.
On the other hand, the present research topic has still some open problems. For example, we
only discuss backscattering under two laser fields and a magnetic field, while scattering in other
directions are interesting and important, as we did before with respect to forward and full-angle
scattering under a single laser field[25, 26]. Another very interesting and invaluable point is to
consider the more realistic laser with profile and electron bunch with initial distribution. More-
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over, the concrete interference structure due to two fields’ nonlinear addition of the corresponding
electron’s displacement, which appears first in the phase part of Thomson scattering formula, i.e.
the exponent function part of Eq.(2) and then the modulus as in Eq.(1), and how this interference
affects the final spectra are still open. However these complicated and abundant topics exceed the
scope of present letter and certainly need to be researched in detail in future.
Anyway our results presented here provide a new possibility to adjust or/and control the Thom-
son spectra for the THz or/and x-ray light source. Obviously, the production of either THz or
x-ray depends on the fundamental frequency which is strongly associated to the electrons’ initial
longitudinal momentum, two lasers’ parameters as well as the applied magnetic field.
Acknowledgments
First author are thankful to J. Huang and Dr. C. Lv for useful discussions. This work was sup-
ported by the National Natural Science Foundation of China (NSFC) under Grant No.11875007
and No.11305010. The computation was carried out at the HSCC of the Beijing Normal Univer-
sity.
[1] Salamin Y. I. and Faisal F. H. Phys. Rev. A 54, 1996, 4383.
[2] Salamin Y. I. and Faisal F. H. Phys. Rev. A 55, 1997, 4399.
[3] Salamin Y. I. and Faisal F. H. Phys.l Rev. A 55, 1997, 3964.
[4] Faisal F. H. M. and Salamin Y. I. Phys. Rev. A 60, 1999, 2505.
[5] Salamin Y. I. and Faisal F. H. Phys. Rev. A 58, 2008, 3221.
[6] He F., Lau Y. Y., Donald P. U. and Strickler T. Phys. Plasmas 9, 2002, 4325.
[7] He F., Lau Y. Y., Umstadter D. P. and Kowalczyk R. Phys. Rev. Lett. 90, 2003, 055002.
[8] Gupta D. N. and Ryu C.M. Phys. Plasmas 12, 2005, 053103.
[9] Singh K. P. J. Appl. Phys. 100, 2006, 044907.
[10] Singh K. P. Appl. Phys. Lett. 87, 2005, 254102.
[11] He F., Yu W., Lu P., Xu H., Qian L., Shen B., Yuan X., Li R. and Xu Z. Phys. Rev. E 68, 2003, 046407.
[12] Liu H., He X. T. and Chen S. G. Phys. Rev. E 69, 2004, 066409.
[13] Li J., Xie B.S., Sang H. B., Hong X. R., Zhang S. and Yu M. Y. Appl. Phys. Lett. 95, 2002, 161105.
12
[14] Yu W., Chen Z. Y., Yu M. Y., Qian L. J., Lu P. X., Li R. X. and Koyama K. Phys. Rev. E 66, 2002,
036406.
[15] Fu Y. J., Lv C., Wan F., Sang H. B. and Xie B. S. Phys. Rev. A 94, 2016, 052102.
[16] Jiang C., Xie H. Z., Sang H. B. and Xie B. S. Europhys. Lett. 117, 2017, 44002.
[17] Ghbregziabher I., Shadwick B. and Umstadter D. Phys. Rev. Accel. Beams 16, 2013, 030705.
[18] Rykovanov S.G., Geddes C.G.R., Schroeder C.B.,Esarey E. and Leemans W.P. Phys. Rev. Accel.
Beams 19, 2016, 030701.
[19] Liu L., Xia C. Q., Liu J. S., Wang W. T., Cai Y., Wang C., Li R. X. and Xu Z. Z. Laser and Particle
Beams 28, 2010, 1017.
[20] Sakai Y., Williams O., Andonian G., Fukasawa A., Hemsing E., Marinelli A., Barber S., OShea F. H.
and Rosenzweig J. B. Phys. Rev. Accel. beams 14, 2011, 120702.
[21] Schtzhold R., Gies H. and Dunne G. Phys. Rev. Lett. 101, 2008, 130404.
[22] Li Z. L., Lu D., Xie B. S., Fu L. B., Liu J. and Shen B. F. Phys. Rev. D 89, 2014, 093011.
[23] Aleksandrov I. A., Plunien G. and Shabaev V. M. Phys. Rev. D 97, 2018, 116001.
[24] Akal I., Egger R., Mller C. and Villalba-Ch¢vez S. Phys. Rev. D 99, 2019, 016025.
[25] Zhao L., Chen Z. J., Jiang C., Huang J., Lv C., Xie B. S. and Sang H. B. arXiv, preprint 2018
arXiv:1810.08333.
[26] Huang J., Jiang C., Xie B. S., Sang H. B., Zhao L., Chen Z. J. and Cheng W. Europhysics Letters 124,
2018, 34005.
13
